Abstract. Let A be a regular local ring and K its eld of fractions. We denote by W the Witt group functor that classi es quadratic spaces. We say that purity holds for A if W(A) is the intersection of all W(Ap) W(K), where p runs over the height one prime ideals of A. We prove that purity holds for every regular local ring containing a eld of characteristic 6 = 2.
Introduction
We brie y review the de nitions of quadratic spaces and Witt groups. A very detailed exposition of these topics may be found in 8] and in 9] . Let X be a scheme such that 2 is invertible in ?(O X ). A quadratic space over X is a pair q = (E; q) consisting of a locally free coherent sheaf (we also say \vector bundle") E and a symmetric isomorphism q : E ! E = Hom OX (E; O X ): this means that, after identifying E with E in the usual way, it satis es q = q . The orthogonal sum of q and q 0 is the space q ? q 0 = (E E 0 ;0 ). Let q = (E; q) be a quadratic space over X and F a subsheaf of E. The orthogonal F ? of F is the kernel of q i , where i denotes the inclusion of F into E. A subbundle L of E is a sublagrangian of q if L L ? , and it is a lagrangian if L = L ? . Note that lagrangians and sublagrangians are subbundles, i.e. locally direct factors, not just subsheaves. A space q = (E; q) is said to be metabolic if it has a lagrangian.
Let GW (X) denote the Grothendieck group of quadratic spaces over X with respect to the orthogonal sum. Let M be the subgroup of GW (X) generated by metabolic spaces. The Witt group of X is the quotient W(X) = GW (X)=M. If f : X ! Y is a map of schemes and q = (E; q) is space over Y , the pair f q = (f E; f q) is a quadratic space over X. It is easily seen that f respects orthogonal sums and maps metabolic spaces to metabolic spaces, thus f induces a group homomorphism W(f) : W(Y ) ! W(X) and W turns out to be a contravariant functor from the category of schemes to the category of abelian groups.
If X = Spec(A) is a ne, a quadratic space over X is the same as a pair (P; q) consisting of a nitely projective A-module P and an A-linear isomorphism q : P ! P such that q = q . In this case a space (P; q) is metabolic if and only if it is isometric to a space of the form ? L L ;
? 0 1 1 0 .
For an a ne scheme X = Spec(A) we denote W(X) by W(A).
We heartly thank Slava Kopeiko for asking the right question at the right moment, Andrei Suslin for critically following an oral exposition of our results and Jean-Louis Colliot-Th el ene for his comments on the rst draft of this paper. We are grateful to the SNSF, the INTAS, the RFFI, the Fondation Herbette and the Fondation Chuard-Schmid for nancial support.
Let now X be an integral scheme and K = k(X) its eld of rational functions. By the functoriality of W there is a canonical map W(X) ! W(K) and, for every point x 2 X, a canonical map W(O X;x ) ! W(K). We say that an element 2 W(K) is unrami ed at x if is in the image of W(O X;x ). We say that an element 2 W(K) is unrami ed (over X) if it is unrami ed at every height one point x 2 X. We say that purity holds for X if every unrami ed element of W(K) belongs to the image of W(X) in W(K).
Purity is known to hold for every regular integral noetherian scheme of dimension at most two 3] and for every regular integral noetherian a ne scheme of dimension three 14].
The main result of this paper is the following purity theorem (x7).
Theorem A. Purity holds for any regular local ring containing a eld of characteristic 6 = 2.
Theorem A will be deduced from the same statement for essentially smooth local algebras over a eld, using a well-known result of Dorin Popescu. Further, using essentially the same methods, we prove (x8) 
In this case a direct computation shows that the composite homomorphism
is the identity of W(A). 4 . Reduction of purity to infinite base fields Let F be a nite eld of odd characteristic p and A a local, essentially smooth F-algebra with maximal ideal m. Suppose that purity holds for essentially smooth local algebras over any in nite eld k. Let where e has been chosen as in x3 (8) . Since the composition of the horizontal maps is the identity, we have Tr( 0 ) = in W(K). Thus is indeed in the image of W(A).
The geometric presentation lemma
We state and prove a lemma that will play a crucial role in the sequel. In geometrical disguise it sounds like this: To nish the proof of Lemma 5.2 we still have to choose r 2 k so that conditions (3) and (4) 6 . A commutative diagram for relative curves Lemma 6.1. With the notation and the hypotheses of Lemma 5.2, let U = Spec(A) and X = Spec(R). Let p : X ! U be the structural morphism and : U ! X the morphism corresponding to the augmentation : R ! A. Let Z X be a closed set of codimension at least 2, contained in vanishing locus of f. Suppose that ! X=k is trivial. There exists a nonzero element g 2 A such that X g X n Z and for any such g there exists a commutative diagram A well-known theorem of Max Karoubi (see 9], VII, x4) asserts that for any a ne k-scheme S the canonical homomorphism W(S) ! W(S A 1 ) is an isomorphism, and therefore the left hand side of the relation above is zero. This proves the relation g = W( g ), whence the commutativity of the diagram. 7 . Purity Theorem 7.1. Let A be a local, essentially smooth algebra over an in nite eld k and let K be its eld of fractions. Every unrami ed element of W(K) belongs to W(A).
Proof. Let U = Spec(A) and let be an unrami ed element of W(K). By assumption there exist a smooth d-dimensional k-algebra R = k t 1 ; : : : ; t n ] and a prime ideal p of R such that A = R p . We rst reduce the proof to the case in which p is maximal. Clearly R is smooth over B at m and thus, for some h 2 R n m, the localization R h is smooth over B. (1) q is smooth at x. Since r is smooth, p X is also smooth and since X is smooth over k, so is X. By base change, condition (3) implies that X is an a ne relative curve over U. Since U is local and q is smooth at x, p is smooth along (U). From We further claim that ! X is trivial. To see this observe that ! X=k ' p X (! X=k ) OX We can now apply Lemma 6.1 with Z = U A d?1 Z X. We de ne = (W(p X )( )) and claim that is an extension of to U. In fact, choosing g 2 A as in 6.1 and denoting by i : U g ! U, i 0 : U g ! X n Z and j : X g ! X n Z the inclusions, we have
This completes the proof of Theorem 7.1.
To prove Theorem A we now recall a celebrated result of Dorin Popescu (see 10 Let now L be the eld of fractions of R and, for each let K be the eld of fractions of A . Let be an unrami ed element of W(L). We may represent by a diagonal matrix q = diag(r 1 ; : : : ; r n ) with r 1 ; : : : ; r n in R. Let be the ( nite) set of height one primes of R which divide at least one of the r i . For every p 2 we can nd a matrix (p) 2 Gl n (L) that transforms q into a diagonal form diag(u 1 (p); : : : ; u n (p)) with every u i (p) 2 R n p. Clearing denominators we may assume that (p) 2 M n (R) and that (p) T q (p) = diag(u 1 (p); : : : ; u n (p))(d(p)) 2 for some d(p) 2 R. We can now choose an index such that, for every p 2 , A contains preimages r 1 ; : : : ;r n ,ũ 1 (p); : : : ;ũ n (p),d(p) and~ ij (p) of the elements r 1 ; : : : ; r n , u 1 (p); : : : ; u n (p), d(p) and of the coe cients ij (p) of (p). Having chosen these preimages consider the relations (?)~ (p) Tq~ (p) = diag(ũ 1 (p); : : : ;ũ n (p))(d(p)) 2 whereq = diag(r 1 ; : : : ;r n ) and~ (p) is the matrix (~ ij (p)). Since they hold over R, we may assume, after replacing by some larger index, that they hold over A . We claim that the class ofq (which we still denote byq) is an unrami ed element of W(K ). To show this suppose thatq is rami ed at a height one prime ideal pA . Then p divides somer i . Any height one prime p of R containing pR also contains r i and thus belongs to . Since u i (p) 2 R n p we haveũ i (p) 2 A n pA and thus the relation (?) shows thatq is unrami ed at pA . By purity for A there exists a 2 W(A ) that coincides withq in W(K ). The 
An injectivity theorem
If A is a regular ring of dimension greater than 3 and K its eld of fractions, the canonical homomorphism W(A) ! W(K) need not be injective. In this section we prove the following injectivity result, from which we shall deduce Theorem C. Theorem 8.1. Let A be a local, essentially smooth algebra over an in nite eld k of characteristic 6 = 2.
Let K be the eld of fractions of A and f a regular parameter of A. The canonical homomorphism
The proof of this theorem is similar to that of Theorem 7.1. As we did there, we assume, without loss of generality, that A is the local ring of a closed point x of a smooth a ne variety X. If A is 1-dimensional A f = K and there is nothing to prove, so we assume that A is at least 2-dimensional. We need the following variant of Quillen's trick. Lemma 8.2. Let X be an irreducible a ne smooth variety over an in nite eld k and x a closed point of X. Let A be the local ring of x, f 2 k X] a regular function on X which is a regular parameter of A and g 2 k X], g prime to f. Denote by Y the vanishing locus of f and by Z the vanishing locus of g. There exists a morphism q : X ! A d?1 with the following properties:
(1) q is smooth at x. Proof of Theorem B. We rst extend Theorem 8.1 to the case of an in nite base eld. This is even simpler than for Theorem A: we nd a su ciently large odd degree extension F 0 of the nite base eld F such that A 0 = F 0 F A is still a local ring and F 0 = 0 in W(A 0 ). Then, choosing e as in x3, (8) , we see that = Tr e ( F 0 ) = 0.
We now prove Theorem B. Let R be a regular local ring containing a eld and let L be the eld of fractions of R. Let k be the prime eld of R. As in the proof of Theorem A, R = lim ! A , where the A 's are essentially smooth local k-algebras. Let f be a regular parameter of R and an element in the kernel of W(R f ) ! W(L). There exists a g 2 R such that vanishes in W(R fg ). For a suitable index choose lifts f and g of f and g in A . We may replace the ltered direct system of the A by the subsystem of all A with . Clearly we still have R = lim A . We put, for every , f = ' (f ) and g = ' (g ) where the ' : A ! A are the transition homomorphisms. It is easy to see that lim (A ) f = R f and lim (A ) f g = R fg . For the rst assertion it su ces to show, by purity, that, for any 2 W (A f ), @ f ( ) is unrami ed over A=Af. Let q=Af be a prime of height one of A=Af. We want to show that @ f ( ) is in the image of W (A q =A q f). For this, after replacing A by A q in the diagram above, we may assume that A is a local
